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Abstract. Let — > B — ^ E A — > be an extension of A by 
where Aisa, unital simple purely infinite C*-algebra. When S is a simple 
separable essential ideal of the unital C*-algebra E with RR(;B) = and 
(PC), Ko{E) = {[p] I p is a projection in _E \ B}; When i? is a stable 
C*-algebra, ii{C{X, E))/Ho{C{X, E)) = Ki{C[X,E)) for any compact 
Hausdorff space X. 
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1. Introduction 

Let E he a. C*-algebra. Denote by M„(£^) the C*-algebra of all n x n 
matrices over £. If £ is unital, write it(£^) to denote the unitary group of 
£ and ^{£) to denote the connected component of the unit in \i{£). Put 
U{£) = ii{£)/iio{£). If £ has no unit, we set U{£) = il(^+)/ilo(^+), where 
£~^ is the C*-algebra obtained by adding a unit to £. Two projections p, q 
in £ are equivalent, denoted p ~ g, if p = v*v, q = vv* for some v E £. Let 
[p] denote the equivalence of p with respect to Let p, r be projections 
in £. [p] < [r] (resp. [p] < [r]) means that there is projection q < r (resp. 
q < r) such that p ^ q. A projection p in £^ is called to be infinite, if 
[p] < [p]- The simple C*-algebra £ is called to be purely infinite if every 
nonzero hereditary subalgebra of £ contains an infinite projection. 

Let Kq{£) and Ki{£) be the i^'-groups of the C*-algebra £ and let 
i^: U{£) — )■ Ki{£) be the canonical homomorphism (cf. [1]). 

The main tasks in non-stable i^'-theory are how to use the projection 
in £ to represent Kq{£) and how to show is isomorphic. Cuntz showed 
in [2] that Ko{£) = {[p]\p G £ nonzero projection} and is isomorphic, 
when £^ is a simple unital purely infinite C*-algebra. Rieffel and Xue proved 
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that under some restrictions of stable rank on the C*-algebra 8, is may be 
injective, surjective or isomorphic (cf. [SIE], [T^)- 

Let i3 be a closed ideal of a unital C*-algebra E. Let tt: E ^ E/B = A 
be the quotient map. We will use these symbols E, B, A and tt throughout 
the paper. Liu and Fang proved in ^ that 

(1) Kq{E) = {[p]\p is a projection in E\B} and 

(2) lE- U{E) Ki{E) is isomorphic. 

when B = IC (the algebra of compact operators on some separable Hilbert 
space) and ^ is a unital simple purely infinite C*-algebra. Visinescu showed 
in [in] that the above results are also true when B is purely infinite. 

In this short note, we show that (1) is true when i3 is a separable simple 
C*-algebra with RR(i3) = and (PC) (see §2 below) and A is unital simple 
purely infinite; We also prove that ic{x,E) is isomorphic for any compact 
Hausdorff space X when B is stable and A is unital simple purely infinite. 

2. i^o^GROUP OF THE EXTENSION ALGEBRA 

Let £^ be a C*-algebra. £ is of real rank zero, denoted by RR(£^) = 0, 
if every self-adjoint element in S can be approximated by an self-adjoint 
element in £ with finite spectra (cf. [3j). A non-unital, cx-unital C*-algebra 
S with RR(£^) = is said to have property (PC) if it S has finitely many 
(densely defined) traces, say {ri, ■ ■ ■ , Tk} such that following conditions are 
satisfied: 

(1) there is an approximate unit {e„} of S consisting of projections such 
that lim rj(e„) = oo, i = 1, ■ ■ ■ ,k; 

n—^oo 

(2) for two projections p, q E S, if Ti{p) < Ti{q), i = I,-- - ,k, then 

[P] < 

Obviously, stable simple AF-algebras with only finitely many extremal 
traces have (PC) and Ae ® /C also has (PC), where Ae is the irrational 
rotation algebra and /C is the algebra of compact operators on some complex 
separable Hilbert space. 

Remark 2.1. Let £^ be a non-unital, cx-unital C*-algebra with RR(£^) = 
and (PC). Let {/„} be an approximate unit of £ consisting of increased 
projections. Suppose lim rj(e„) = oo, i = 1, ■ ■ ■ , /c, for some approximate 

ra— )-oo 

unit {e„} of S consisting of projections. Then there {e„^ } C {cn} such that 
^i(en,) > j, j > I, i = I, - ■ ■ ,k. Since lim WfsCnJs - e„,|| = 0, j > 1, we 
can find projections fg. < fg for s large enough such that fg. ~ e„^, j > 1. 
Then 

Tiifs) > nifsj) = Ti{en^) > j, i = 1, ■ ■ ■ , /C, 
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SO that lim rj(/„) = oo, i = 1, ■ ■ ■ , k. 

n—^oo 

With symbols as above, we can extend to M{S) by Ti{x) = sup Ti{fnxfn) 

n>l 

for positive element x G M{S) (cf. [H P324]), i = !,■■■ ,k, where M(£) is 
the multiplier algebra of £. 

Lemma 2.2. Suppose that B is an essential ideal of E and B are simple. 
Then every positive element in E\B is full. 

Proof. Let a G E\B with a > and let J (a) be closed ideal generated by a 
in E. Since 7r(/(a)) is a nonzero closed ideal in A and A is simple, we get 
that 1^ G 7r(/(a)) and hence there is a; G such that 1e + x E I{o). Since 
B is an essential ideal, it follows that aBa ^ {0}. Choose a nonzero element 
h G ai3a C /(a). Since B is simple, a; is in the closed ideal of B generated by 
h. Thus, X G /(a) and consequently, 1^ G /(a). □ 

The following lemma slightly improves Lemma 2.1 of ^Oj, whose proof is 
essentially same as it in [Til Lemma 3.2] and ^Ol Lemma 2.1]. 

Lemma 2.3. Suppose that 'R'R{B) = 0. Let p, q be projections in E and 
assume that there is v & A such that tt{p) = v*v and vv* < 7r(g) in A. 
Then there is a projection e G pBp and a partial isometry u & E such that 
p — e = u*u, uu* < q and tt^u) = v. 

Proof. Let v E A such that 7r(p) = v*v, vv* < 7r(g). Choose Uq E E such 
that 7r(-uo) = v and set w = quop. Then ti{w*w) = 7r(p), 7i{w) = v. Thus, 
p — w*w G pBp. Since RR{B) = 0, pBp has an approximate unit consisting 
of projections. So there is a projection e G pBp such that 

II {P ~ — w*w){p — e) II = II {p — e) — {p — e)w*w{p — e)\\ < 1. 

Then z = {p — e)w*w{p — e) is invertible in {p — e)E{p — e) and tt{z) = Ti{p). 
Let s = [{p — e)w*w{p — e)) , i.e., zs = sz = p — e. Then 7r(s) = 7r(p). Put 
u = ws^ . Then uu* = wsw* < q, 7r{u) = v and 

u*u =s^w*ws^ = s^{p — e)w*w{p — e)s^ 
= {p — e)w*w{p — e)s = p — e. 

□ 

Lemma 2.4. Suppose that A is unital simple purely infinite and B is an 
essential ideal of a unital C* -algebra E, moreover B is separable simple with 
RR(i3) = and (PC). Let p., q be projections in E\B and let r be a nonzero 
projection in pBp. Then there is a projection r' in qBq such that [r] < [r']. 
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Proof. Since B has (PC), there are densely defined traces ri, ■ ■ ■ , on B 
and an approximate unit {/„} of B consisting of increased projections such 
that hm rj(/„) = oo, i = 1, ■ ■ ■ , k and rj(e) < Tj(/), i = 1, ■ ■ ■ , k imphes 
that [e] < [/] for any two projections e, / in B. 

m 

By Lemma 12.21 there G i3 such that ^ = We 

regard ii^ as a C*-subalgebra of M{B) for B is essential Thus, 

m m 
OO = Ti{lE) = ^Ti{x*qXj) < ^Ti{\\Xjfq), 

j=i i=i 

i.e., Ti{q) = oo, i = 1, k. Let r be a nonzero projection in pBp. Let {(7„,} 
be an approximate unit for qBq consisting of increased projections. Since 
suprj(5f„) = Ti{q) = oo, i = 1, ■ ■ ■ , fc, it follows that there is Uq such that 

n>l 

'^iidm) > Ti{r), i = l,--- ,k. Put r' = g^o- Then we get [r] < [r']. □ 
Now we can prove the main result of the section as follows: 

Theorem 2.5. Suppose that A is unital simple purely infinite and B is an 
essential ideal of E, moreover B is separable simple with RR(i3) = and 
(PC). Then 

Kq{E) = {[p]\p is a projection in E\B}. 

Proof. Set V{E) = {p is a projection in E\B}. By ^ Theroem 1.4], when 
V{E) satisfies following conditions: 

(Hi) If p, g G V{E) and pq = 0, then p + qE V{E); 

{II2) If p G 'P{E) and p' is a projection in E such that p ~ p', then 
p' G V{E)- 

(Ha) For any p,q E "P^E), there is p' such that p' ^ p, p' < q and 
q-p' E V{E)] 

(114) If g is a projection in E and there is p G V{E) such that p < q, then 

peViE), 

then Kq{E) = {[p]\p G V{E)}. Therefore, we need only check that V{E) 
satisfies above conditions. 

Let V{A) be the set of all nonzero projections in A. By [2, Proposition 
L5], V{A) satisfies (Hi) ~ (U^). Clearly, V{E) satisfies (Hi), {U2) and 
We now show that V{E) satisfies (JI3). 

Let p, q E V{E). Then there exists a projection / G "^(.4,), such that 
/ ~ 7r(p), / < 7r(g) and ir^q) — f G "^(.4,), that is, there is a partial isometry 
f G ^ such that / = vv* < 7r(g) and tt{p) = v*v. Thus, there are u E E 
and a projection r G pBp such that p — r = u*u, uu* < q and 7r(u) = f by 
Lemma ESI Note that q - uu* ^ B and (g - uu*)B{q - uu*) ^ {0} (i3 is an 
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essential ideal). Then by Lemma [2.41 there is wq & B such that r = WqWq, 
WqWq G (g — uu*)B{q — uu*). Put u = u + Wq. Then p = u*u, uu* < q and 
7r(g - uu*) = TT{q) - / ^ 0, i.e., q - uu* e V{E). □ 



3. /Ci-GROUP OF THE EXTENSION ALGEBRA 

Recall from [T2j that a unital C*-algebra S has 1-cancellation, if a pro- 
jection p e M2{S) satisfies diag(p, 1^) ~ diag(pi, 1^) for some k, then p ~ pi 
in M2(£^), where pi = diag(l, 0). If £^ has no unit and has 1-cancellation, 
we say S has 1-cancellation. It is known that when B has 1-cancellation, 
we have following exact sequence of groups: 

U{B) A U{E) ^ U{A) ^ Ko{B) (3.1) 

(cf. [I2l lemma 2.2]), where (resp. vr) is the induced homomorphism of 
the inclusion j : B ^ E (resp. vr) on U{B) (resp. U{E)), rj = do o and 
do: Ki{A) — 7- Ko{B) is the index map. 

Since, in general, we have the exact sequence of groups 

U{B) A U{E) ^ U{A), 

(for 7i{1\q{E)) = iioi^A)), i.e., U{-) is a half-exact and homotopic invariant 
functor, it follows from Proposition 21.4.1, Corollary 21.4.2 and Theorem 
24.4.3 of [T] that the sequence of groups 

U{SA) A U{B) ^ U{E) ^ U{A) (3.2) 

is exact, where d = o and e: i3 — )■ given by e{b) = (6, 0) G C-„, 
is isomorphic and i: SA — t- 0-,^ is defined by i{g) = (0, (?), here 

= {(x, f)eE(B Co([0, 1), ^)| 7r(x) = /(O)}, SA = Co((0, 1), ^). 

We also have the exact sequence 

K,{SA) A Ki{B) ^ K,{E) ^ K,{A)- (3-3) 

Proposition 3.1. Suppose thati_^, are isomorphic andisA "is surjective. 
Assume that B has 1 -cancellation. Then is is an isomorphism. 

Proof. Combining (13.11) . (13.21) with (13. 3p . we have following diagram 

U{SA) A U{B) A U{E) ^ U{A)^ ^ Ko{B) 

i isA i^B i^E iiA II , (3.4) 

K,{SA) A K^{B)^ K,{E)^ KM)^ M^) 
in which two rows are exact and 



r] = doo iA, n^oiE = iA0 7T*, j* o is = ° j*- 
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Since e* is isomorphic, it follows from the commutative diagram 
UiSA) ^ U{C^) ^ U{B) 

that d o igj^ = o d. Thus, (13.41) is a commutative diagram. Using the 
Five-Lemma to (13. 4p . we can obtain the assertion. □ 

For a C*-algebra let csr(£^) and gsr(£^) be the connected stable rank 
and general stable rank of respectively, defined in [Bj. We summrize some 
properties of these stable ranks as follows: 

Lemma 3.2. Let £ he a C* -algebra. Then 

(1) gsi{£) < csr(^) (cf. [6]); 

(2) csr(£^) < 2 when £ is a stable C* -algebra (cf. [9l Theorem 3.12]); 

(3) £ has 1 -cancellation if gsT{£) < 2 (cf. [T2]): 

(4) if cst{£) < 2 and gsT{C{S^,£)) < 2, then is is isomorphic (cf. [71 
Theorem 2.9] or [12, Corollary 2.2]). 

Now we present the main result of this section as follows: 

Theorem 3.3. Assume that A is a unital simple purely infinite C* -algebra 
and B is a stable C* -algebra. Let X be a compact Hausdorff space. Then 
ic{x,E) is an isomorphism. 

Proof. If B is stable, then so is C(Y, B) for any compact Hausdorff space Y . 
Thus, gsr(C(S\C(X,i3))) < 2 and csr(C(X,i3)) < 2 by Lemma[32](l) and 
(2). So we get that ic{x,B) is isomorphic by Lemma [3^ (4). 

Since A is unital simple purely infinite, it follows from fi2\ Corollary 3.1] 
that ic{x,A) aiid iscix,A) are all surjective. Now we prove ic(x,A) is injective 
by using some methods appeared in [8]. 

Let / G il(C(X,^)) with ic{x,A)i[f]) = in Ki{C{X,A)). Let p be 
a non-trivial projection in A. Then there exists g G ii{C{X,pAp)) such 
that / is homotopic to g + 1 — p hy fi3\ Lemma 2.7]. Thus, there is a 
continuous path ft: [0,1] — > il(M„+i(C(X, ^))) such that /o = In+i and 
/i = diag((7 + 1 —p, In) for some n > 2. Since Mn+i{A) is purely infinite, we 
can find a partial isometry v = (vij) G M„+i(^) such that diag(l — p, 1„) = 
v*v, vv* < diag(l —p,0). Consequently, we get that 



n+l 

vl^vu = 1 - P, vljVij = 1, vljVi^i = 0, iy^ j, ^ vuvl- < 1 - p. 

i=l 
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Set vi = p + t>ii, Vi = fli, i = 2, ■ ■ ■ n + 2. Then fi, ■ ■ ■ f„+i are isometries in 

n+l 

A and = 0, i 7^ j, s = ^ fjf * is a projection. Put 

i=l 



wt{x) = {vi, ■ ■ ■ ,f„+i)/t(x) 



1 - s, te[0, 1], X G X. 



It is easy to check that Wt is a continuous path in U-(Mn{C {X , A))) with 
Wo = 1 and wi = g + 1 — p. Thus, ic{x,A) is injective. 

The final result follows from Proposition 13.11 □ 

Combining Theorem 13.31 with standard argument in Algebraic Topology, 

we can get 

Corollary 3.4. Let A, B and E he as in Theorem \3.3\ . Then 

vr.(ii(E)) = " . 

I Ki{E) n even 
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